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Abstract. We investigate a representation of contexts, expressions with holes in them, that enables them to
be meaningfully transformed, in particular «-converted and 3-reduced. In particular we generalize the set of
A-expressions to include holes, and on these generalized entities define 3-reduction (i.e. substitution) and filling
so that these operations preserve a-congruence and commute. The theory is then applied to allow the encoding
of reduction systems and operational semantics of call-by-value calculi enriched with control, imperative and
concurrent features.
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1. Introduction

Contexts, expressions with holes in them, play an increasingly important role in the lambda
calculus and its applications to Computer Science. We list some recent examples of their
use: They provide an elegant description of reduction strategies (e.g. lazy, left-first depth
first) via evaluation and reduction contexts [8]. They feature in the operational semantics of
control, imperative and concurrent features [7, 18, 3]. They are center stage in the definition
of operational equivalence [20]. They are similarly prominent in the characterization of
operational equivalence via context lemmas [19]. They have recently been used to great
effect as modalities akin to Hoare triples in logics for functional programming languages
with effects [12]. Even more recently they have been used as a powerful technique for
establishing reasoning principles for a very general class of programming languages [27].

1.1. Related Approaches

There has also been a lot of recent interest in developing theories and calculi for manipulat-
ing and computing with contexts, and closely related concepts. We provide a few notable
examples. Talcott [25, 26] presents a theory of (de Bruijn) binding structures akin to ab-
stract algebras. Her notion of binding structures extends abstract data types by incorporat-
ing binding mechanisms and structures with holes. She provides three applications of her
theory: term rewriting; a unification theory for binding structures; and a basis for an infer-
ence system for quantified first order logic. Her work is motivated by building tools such
as theorem provers, rewriters, static analyzers, evaluators and transformers. Sands [23]
outlines the use of higher-order syntax to represent and compute with contexts in a very
general manner. In this approach holes are represented by function variables applied to
the sequence of variables that the hole is supposed to trap. Filling is then represented by
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meta-syntactic application. A consequence of this is that holes in this approach have a
fixed arity, and the composition of contexts in non-trivial, and non-uniform. We examine,
in more detail, the relation between Sands approach and the one we adopt shortly. Abadi,
Cardelli, Curien, and Levy [1] have developed (de Bruijn) calculi for reasoning about ex-
plicit substitutions. These calculi propagate substitutions generated from beta-reductions
downwards until reaching a hole. These substitutions accumulate at holes, but do not nec-
essarily have a unique syntactic form, since they depend on the order in which they reached
the hole. Consequently for these systems confluence is an important question, and one that
is the subject of many papers. Hasimoto and Ohori [11] propose a calculus extending the
A-calculus which includes first class contexts. The calculus incorporates mechanisms for
context formation (context abstraction) and hole filling (context application). They also
incorporate a type system which they use to prove confluence. Their system is similar to
ours in that they annotate holes by substitutions. Sato, Sakurai, and Burstall [24] introduce
a simply typed A-calculus with first class environments, as well as the ability to evaluate
terms in a particular environment. They establish confluence, subject reduction, conserva-
tivity over the simply typed A-calculus, and strong normalizability. Dami [6] develops a
A-calculus for dynamic binding that allows the representation of contexts. Dami uses his
calculus to model various forms of dynamic binding that occur in the modern programming
languages, as well as to represent contexts in the traditional calculus. He also establishes
that his encoding of contexts within his calculus commutes with the operation of filling a
context with another term (which also may be a context). Lee and Friedman [14] propose
an enrichment of the A-calculus with a notion of contexts. In their approach contexts are
thought of as source code, while the terms of the A-calculus are thought of as target code.
Hole filling is then represented as a compilation process. They use their calculus to rep-
resent program modules and their linking. They also simulate other approaches, such as
Dami’s above.

1.2.  Our Approach

The purpose of this note is not to present another calculus of contexts akin to the latter
five approaches above, but like Sands and Talcott, provide a representation of contexts
within the framework of the A-calculus, and show how, using such a representation, one can
compute with such contexts. Thus our approach is to show how contexts can be represented
and manipulated at the meta-level using such a representation. One can define contexts in
such a way as to enable them to be manipulated, in particular a-converted and 3-reduced.
In particular we generalize the set of lambda expressions to include holes, and on these
generalized entities define 3-reduction (i.e. substitution) and filling.

We begin by describing the most obvious of problems created by considering contexts.
Typically a hole in the A-calculus is written as []. Thus perhaps the simplest, non-trivial
context, is the term C, where C' is the term Az.[]. Filling this context — i.e replacing the
hole by a term e — is written C[e], and in this case is the term Az.e, where free occurrences
of the variable z in e are now bound by the outermost abstraction Az.

Immediately, «-conversion becomes problematic, at least in the sense that either it does
not commute with filling, or substitution becomes partial. Since, either C' = Az.[] s a-
congruentto C’ = Az.[], but C[z] = Az.z which is clearly distinct from C'[z] = Az.z, or
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else we cannot «-convert variables which have a hole in their scope, and are thus prevented
from substituting into such terms. For example, consider the term/context C' denoting
Az.z(y([])). Suppose further that we wished to substitute z for the free occurrence of y in
C, i.e. form C[y := z], to do this we must prevent capture resulting in a term, C’, such as
Aw.w(z([])). Butby the previous example our choice of w is plainly visible since C*[w] is
Aw.w(z(w)), while for any other variable z, if we fill C’ with z the result is Aw.w(z(z)).
These terms are clearly distinct.

Computing — by which we mean g-conversion — is equally problematic. Suppose we
apply our term/context C' above to z, forming the term/context (Az.[])(z). If we follow
the usual notion of 3-conversion we may reduce (Az.[])(z) to [][z := z]. If this term
is to be simplified (staying within the A-calculus), then we really have only one sensible
alternative, []. Thus g-conversion and filling are at odds, since (Az.[])(z)[x] reduces to z,
whereas [][z] is simply z. Thus the two paths in the diagram:

Bkl L Qe

s N

0=l & = % -
do not result in the same term. Our approach is to enrich contexts so that other alternatives
are available.

Before we describe our approach, it is instructive to examine the one proposed by Sands
(which he attributes to Andy Pitts [21], but in fact can be traced back to the earlier work
of Aczel [2] and Klop [13]). In his approach a hole is represented by a (meta) application
of some function variable ¢ to a vector of variables. Each function variable has a specific
arity, which determines the length of these vectors of variables. So for example the classical
context Az.[] would be represented by the term Az.(¢()). Hole filling is then represented
by substituting a meta-abstraction for £. Thus filling Az.[] with the variable = would be
represented by the substitution Az.(¢(z))[€ := Az.z], here Az.z represents the (meta-
syntactic) identity function. Thus:

O [)[e] = Ae ()€ = A=)
= Mz (Az.z)(z))

=Az.x

Note that in this approach it is possible to identify contexts upto «-equivalence. Also note
the trappings at a hole ¢ are made explicit at the hole — in the vector of variables, rather
than implicit in the surrounding expression. Sands goes onto show that hole filling, in
this representation, commutes with many other relations other than just «-equivalence, in
particular substitution. Note that this is a somewhat static approach. Holes have fixed
arities, consequently filling one context with another does not correspond to the classical
case. To see this consider the two contexts Cy = Az.[]and C; = Ay.[], the composition
being: C1[Co] = Ay.Az.[]. In Sands’ representation the corresponding contexts are: Cly =
Az.&(z), C1 = Ay.&(y), and C1[Co] = Ay.Az.&(x,y). but to obtain the composition one
must substitute Az.Az.£(z, z), which although related to the representation of C, remains
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distinct.

C1[Co] = (Ay£(v))[§ = Az Az {(x, 2)]
= (Ay.(Az Az (z, 2))(y)
= My Az d(y, z)

Our solution is similar to Sands’ but somewhat richer and more dynamic (we will pro-
vide a more comprehensive comparison later). We generalize the notion of a hole, so that
(occurrences of) holes are decorated with substitutions. This is to enable one to substitute
into expressions containing holes. In this paper our holes will be black, e, and we use o to
denote substitutions (finite maps from variables to expressions). The generalized holes are
holes decorated by (generalized) substitutions. These syntactic entities are written thus:

o7,
We also modify the way one handles trappings at holes. Rather than make the trappings at
holes implicit in the surrounding expression, we make them explicit at the hole itself. To
elaborate a little on this, consider the obvious analogy between our generalized holes, and
classical contexts, suppose that Dom(o) = Z, then

o7 isanalagousto (Azg,...,zs.[])(0(z0),...,0(zn))).

Where this analogy breaks down is when these two term are embedded in larger expres-
sions. In our approach it is only the z that will be captured in filling, where as the classical
case no such distinction is made. Consider the following simple example, where o is the
substitution {z := w}, and consider the analogous terms:

Az, olm=whyersus Az ((Ax.[))w)
Filling each term with the expression z(z) will give rise to the distinct terms:
Ay.w(z) asopposedto Az.w(z).

This is what we mean when we say that we make the trappings at a hole explicit at the
hole, rather than implicit in the surrounding expression. Following this line of reasoning
provides a simple comparison with Sands’ approach. Since these innermost As are to be
treated differently, let us make this apparent by using the meta-lambda notation.

o7 isanalagousto (Azg,...,zn.[])(c(z0),...,0(2n))).

Now to make this analogy accurate we have to define filling, by an expression e, of the
right hand side term in such a way that only meta-bound variables become trapped. In
other words we treat filling in the same fashion we would if we simply first replaced
(Azg, ..., zy.[]) by & inthe right hand side term, resulting in the term

E(o(zq),...,0(xn))),

then formed the meta-abstraction Azq, . . ., z,.e (trapping free occurrences of the z in e)
and then carried out the substitution {¢ := Az, ..., z,.e}, avoiding free variable capture.
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Thus Sands’ approach can be seen as a special, and somewhat restricted, case of our general
approach.

We investigate two notions of substitution and hole filling in this generalized setting
which (for want of better terms) we shall call weak and strong substitution and hole filling,
respectively. The two notions of substitution and filling differ only in what takes place at
holes. e[z := eg]y is the result of weakly substituting e, for the free occurrences of the
variable z in e, taking care not to trap free variables of eg. e[z = eg]s is the result of
strongly substituting eq for the free occurrences of the variable z in e, again taking care
not to trap free variables of eq. They differ in that 7 [z := ¢¢], will not alter the domain of
the substitution, o, decorating the hole. Whereas e[z := ¢y]. may possibly add z to it’s
domain, if it is not already included. This dichotomy carries over into the fine details of
the definition of hole filling. Given an expression e that may contain holes, we let e[g]«
be the result of weakly filling each occurrence of a hole by the expression &, and e[eq]s
be the result of strongly filling each occurrence of a hole by the expression ¢,. Both these
operations are different from substitution in that the trapping of free variables can occur.
To see where the dichotomy arises in the case of filling, consider filling the expression &
by some expression e. The result, intuitively should be obtained from e by carrying out the
substitutions described by o (possibly modified to reflect the filling of holes in the range
of ). Depending upon what type of substitution we understand this to be, i.e. strong or
weak, we obtain the corresponding notion of filling.

Our results can be summarized as follows. We use weak substitutionto define a notion of
a-congruence, =, for contexts that ensures that both forms of filling and substitution pre-
serve a.-congruence. Substitutionand filling are defined in such a way to ensure that strong
filling commutes with strong substitution. g-reduction, if it is to be functional with respect
to a-congruence, must then be defined via the weak form of substitution, and it is shown
that S-reduction and either form of hole filling commute. The composition of contexts in
the classical sense corresponds to the strong version of filling in our approach. Note that
in Sands’ approach each hole has a fixed arity. Thus, apriori, his form of substitution and
filling correspond to the weak versions. It is for this reason that we state that his approach
is static, whereas (the strong versions of) ours are dynamic.

Our approach adopted here is based on the more abstract de Bruijn theory presented
in [25, 26]. However we have found it necessary to deviate somewhat from her approach.
Firstly, Talcott makes a distinction between free and bound variables. Her free variables are
just like ours, her bound variables however do not have names, rather they are identified by
the place, suitably described, at which they are bound. To explain 3-conversion she defines
an operation of unbinding a bound variable. By using a de Bruijn notation for variables
Talcott avoids the problems associated with a-coversion. In particular both substitution
and hole filling are of the strong variety in our sense.

Since this world is more complex than the world without holes we shall take care to
define such notions as the free, bound, trapped and captured variables of an expression.
For example, consider the following skeleton of a term e:

for the sake of argument let us assume that neither = nor z occur elsewhere in e. In this
expression all occurrences of x are bound, as is the rightmost occurrence of z. The oc-



6 IAN A. MASON

currence of z in the domain of the substitution (second from the right) is neither free nor
bound; rather it is what we shall call a trapped variable. The occurrences of = and z in
the range of the substitution are called captured variables. Note that the terms trapped and
captured have different meanings. «-congruence is defined in such a way that:

o

and filling is defined so that filling either with z yields (upto a-congruence)
Aw. .. Ay ... Yoo W... Y. ..

In this paper we shall treat contexts simply as special types of expressions. Namely those
which contain these decorated holes.

1.3. Overview

The paper is organized as follows. In §2.1 we introduce the syntax and structure of the
terms of our language. Notions such as the rank, the free, bound, trapped and captured
variables of a term are explained. In §2.2 we introduce weak substitution and use it to
clarify the concept of a-equivalence. We also establish the basic properties of these two
notions. §2.3 concentrates on the notions of trapping and the strong version of hole filling,
we also establish their basic properties. §2.4 is dedicated to the stronger notion of substi-
tution. §2.5 investigates analogous notion of weak filling. §2.6 examines the relationships
between our contexts, traditional contexts, and those of Sands. §3 provides applications
of the theory. In particular we define 3-conversion and present five variations on the A
calculus. §4 contains a discussion of related work, and suggestions for future work.

1.4. The Proofs of Claims

All the proofs are by induction on the rank of the expressions involved. The proofs of
§2.2 are somewhat delicate and so we outline their form in some detail. Of the remaining
proofs we include only very brief synopses. Without exception the application case is
never interesting. The A case is also almost always formulaic. The base cases are either
obviously true, or a consequence of unwinding the definitions. It is usually only what takes
place at holes which warrants any real attention. Indeed if one looks back at the examples
(in particular the counterexamples) one sees that if something goes wrong it invariably
goes wrong at holes. However even what takes place at holes can be entirely routine. Full
proofs may be found in [17].

1.5. Notation

We use the usual notation for set membership and function application. [X — Y] is the set
of functions from X to Y. [X % Y] is the set of functions f whose domain, Dom( f), is a
finite subset of X and whose range, Rng(f), is contained in Y. P, (X) is the collection
of all finite subsets of X. For any function f, f{y := ¢} is the function f’ such that
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Dom(f') = Dom(f) U {y}, f'(y) = ¢, and f'(z) = f(z) for z # y,z € Dom(f).
N = {0,1,2,...} is the natural numbers and 7, j, n, ng, ... range over N. We use A as
a meta-lambda to define functions; it is to be distinguished from any object lambdas that
may occur.

2. The Syntax and Structure of Terms
2.1. The Syntactic Domains

We begin with a set, A, of atoms, together with a countably infinite set of variables, X, well-
ordered by <. We let a, ag, . . . range over A and z, zq, ..., y, . . . range over X. From the
given sets we define A-abstractions, 1., expressions, |E, and substitutions, S, by induction
as the least sets satisfying the following equations:

E=e"UAUXULUapp(EE) L=XXE S=X3E

A substitution, o, is a finite map from variables to expressions. We write {2 =
€q, ..., &y = ey } for the substitution o with domain {zq, ..., z,} such that o(z;) = e;
for ¢ < n. Note that holes can appear anywhere an expression can. In particular holes can
appear inside elements of the range of a substitution.

These syntactic domains are constructed in the usual way: defined inductively by a se-
quence of monotonically increasing sets IF;, I.; and S; for i € N such that

E=U;enFi where Fo =AUX and Fiyq = {o*} UL; Uapp(F;,F;)
e, €0, ... rangeover £

L =U;exli where To=40 and TL;y1 = AX.TF
Az.e, Axg.€q, ... rangeover L
S = UiEN S;. where Sy= 1} and Si+1 :X&E

o, 00, ...rangeover S

These sets give rise to the standard notion of rank of an expression, p(e), (and substitution,
p(o),) being the least j € N for which e € E; (o € S; respectively). We begin by defining
the free variables of an expression or substitution.

Definition (p(e)  p(0)):

plo) +1 ife = o7
(c) = 0 ifec AUX
PE=931 + pleon) ife=MXz.eq

1+ max(p(eo), p(er)) ife=app(eo, e1)
p(U) =1+ maXxEDom(o)P(U(m))

As usual A is a binding operator. We now define the free, and trapped variables of an
expression, the entire set of variables that occur in it, and describe those that are captured.
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Definition (FV(e) FV(0)):

FV(0) ife=e
) {ernx ifeec XUA
FV(@) = FV(@O) _ {2’} ife = )\2.60

FV(eg) UFV(ey) ife = app(eg,er)
FVie)= |J FV(e()

z€Dom(o)

Note that for any o € S and any e € [E we have that FV (o) and FV (¢) are defined in terms
of syntactic entities of lesser rank, and so in particular this definition is well-founded. Also
note that variables in the domain of a substitution decorating a hole in an expression are
not considered free in that expression. Similarly we define the set of all variables occurring
in either an expression or a substitution.

Definition (V(e) V(0)):

V(o) ife= e
{e}NX ifeec XUA
V(eog) U {z} ife=JAz.eg
V(eg) UV(er) ife=app(en,er)

Vie)= | J V(e(z))UDom(c)

z€Dom(o)

We use this definition to define a function from finite sets of syntactic entities to variables
called fresh:

fresh: P,(EUS) — X
where  fresh(S) = the <-least z € X'suchthat = & | J,. 5 V(s)

The trapped variables of either an expression or a substitution are those that appear any-
where in the domain of a substitution that decorates a hole, or in the case of a substitution
the domain of the substitution itself:

Definition (TV(e) TV(0)):

TV(o) ife — o
0 ifec AUX
TV(e) = TV(eq) ife = )Az.eq
TV(eg) UTV(ey) ife = app(eo,e1)
TV(e)= |J TV(o(x))UDom(o)
z€Dom(o)

The definition of a captured variable (or one that possibly can be captured) is more
complex, but fortunately we can safely keep it informal: an occurrence of a variable is
captured if it occurs free in the range of a substitution that decorates a hole, which in turn
occurs in the scope of a A binding that variable.
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2.2. \Weak Substitution and a-Equivalence

We will let e[o], be the result of simultaneous weak substitution of free occurrences of the
variables € Dom(c) in e by o(z), taking care not to capture variables. It defined as
follows:

Definition (e[c]y  o1[oa]w):

o710l ife = o1
e ife € AU (X — Dom(o))
elola = o(e) if e € Dom(o)

Av.(eg[z := v]i[o]s) ?fe = Az.ep, and v = fresh({e, c})
app(eolcls, e1[ols)  ife =app(eo, e1)
o1lo]s = Az € Dom(oy).(o1(2)[o]s)

In the definition we have made use of the function fresh, thus ensuring e[o}; is indeed
a function, rather than a relation. Elsewhere in this paper the term fresh simply means
any variable that does not occur in the expressions or substitutions involved (thus drop-
ping the requirement that it be the <-least such element of X). It is important to note
that Dom(o [¢]) = Dom(ey), this has the consequence that weak substitution does not
compose:

Example (1):  e[oolu[o1]s # eloo[o1]els

Proof of Example (1):  Simply take

Then

eloofulor]e = 2[{z = 3}[{z = 4}s = 2[{z = 4}s =4

eloolor]u]e = 2[{z = 3}{z = 4}]als = z[{z = 3[{z .= 4}]s}]s = e[{z =3} s = 2
O

The point being that the domain of o[o1]; is the domain of oy so the substitutions
described by o on those variables in the domain of o1 but not in the domain of o are lost.

When o = {z := e} we often write eq[z := €], rather than eg[{z := e}]y, when there
is no cause for confusion. Often we will use weak substitution to replace one variable
by another, in this case the reader should note that the operation corresponds to a simple
renaming (leaving the domains of substitutions) unchanged.

We now define a-congruence on expressions. It agrees with the usual definition on
expressions not containing holes and is a simple extension of the usual definition given via
weak substitution [5, 22].
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Definition (=):  The relation

(0)

(1)

(5)

=

a € A

Q

a=a

o z€X
r=2x

o P2
€p=€1 €g =€

o

app(eo, €y) = app(e1, e)

oo(2) = o1(z) for eachz € Dom(o;)

Q

op =01

o

eolzo == vy =er[z1 = vy

o
/\CL‘().GQ = /\I‘l.el

for v fresh

TAN A. MASON

is defined (inductively) by the following rules:

provided Dom(o¢) = Dom(o1)

Notice the simplicity of this proof system: each syntactic type has exactly one rule that
will establish conclusions of that form, consequently by a simple application of the inver-
sion principle we may conclude that if eo = e; is provable, then, modulo new variables
introduced using rule (5), such a proof is unique. Another simple consequence of this def-
inition is that = is an equivalence relation, actually it is a congruence but this requires
some proof (c.f. lemma (% .6) below). A somewhat more involved property is that weak
substitution is functional modulo «-equivalence. This we will establish anon. Note that at
holes the domain of the decorating substitution remains unchanged, for example:

Example (2) Az. ofzi=2} % )\V..{zzzu}.

Proof of Example (2):

1)
()
3)
(4)
()

a
Vg =g

{z =} ={z =}
.{z::uo} %.{z::uu}

o

.{z::z} [Z — VO]H .{z::u} [1/ = VO]H

Az, o172k Z 3y of7=v)

Choose v fresh. Then

by rule (= .1)

from (1) by rule (= .3)

from (2) by rule (= .4)

from (3) by defi nition of .[.];

from (4) by rule (= .5)
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Two trivial properties of = and weak substitution are: the renaming of a variable in an
expression results in an expression of the same rank; and that a-equivalent expressions
must be of the same rank. These are proved by extremely simple inductions on the ranks
of the expressions involved and are omitted from this paper.

Lemma ( = .0):

0)  pleo) = plenlz == yls)
1) eoZer = pleo) = pler)

Perhaps the most basic and important property of the two definitions is that weak substi-
tution preserves = equivalence classes:

o o o

(60561 A 0'050'1) = 60[0’0]H 61[0’1]“

Proving this is somewhat delicate and first requires us to establish several simpler proper-
ties:

Proposition (.[.].1):

[ll2

o

=

@ (e
() (o

©) eolz = vu[v = yls = eolz =y forv ¢ FV(eo)

el Neg=er) = ez = eglu=el[z = e1ls

o~

NS

FV(e) ANvg £z #11) = eglvo = rilalz = €s

(d) Az.eq = Av.epz == vy v fresh

The first three properties, (a), (b) and (c) are proved by simultaneous induction on the
rank of expression eg. The next (d) is a simple consequence, since to establish (d) it

suffices (due to rule (= .5)) to show that

eolz = wolu = enlz = v]u[v = vola for v and vy fresh.

This is immediate from (c). We may now prove a moderately more elaborate version of
the desired fact that weak substitution preserves = equivalence classes, namely:
Proposition (% 1):

°

(a) (60%61 A 0'0%0'1) = 60[0’0]‘, 61[0'1]"
(b)) (vo € V(o) A vy & Dom(o)) = eglvo := vilu[o]s
© (Aveo)ole = Mv.(eofols)  ifv g V(o)

The first two properties, (a) and (b) are proved by simultaneous induction on the rank of
expression eg. The next (c) is a simple consequence. Now that the most basic principles
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have been established, we can be somewhat more freewheeling. For example we can show
that «-equivalence is a congruence simply by establishing the following useful derived
rule.

Lemma ( = .6):  The following rule is derivable:

“@

€o=¢€1

A
N
=

o
Az.eqg = Az.eq

Assume that e = e1. Then by part (a) of (=.1) we have that e[z == v]y = 1]z := V],
Thus by the rule (% .4) we may conclude Az.eq = Az.e; We can also strengthen part (b)
of proposition (.[.]4.1) to the following more useful principle.

Proposition (.[.]z.2):  If (Dom(e1) — Dom(ag)) N FV(e) = 0, then

o

6[0-0]"[0-1]‘1 6[0-0[0-1]“]“

2.3. Trapping & Strong Filling

To define the process of strong hole filling requires a stronger notion of substitution. How-
ever from a technical (and perhaps conceptual) point of view it is simpler if we first intro-
duce a restricted notion, that of trapping. This process is quite intuitive, given a finite set
of variables X and a syntactic entity ® (either an expression or a substitution), we define
Trap(®, X) to be the syntactic entity obtained by enlarging the domains of any substitu-

tion occurring in ® (by mapping z € X to z itself, if z is not already in the domain of the

substitution) so that they include X. Formally:

Definition (Trap(e, X) Trap(o, X)):

o Trap(c,X) ife = o
1 e ife € AUX
Trap(e, X) = Av.Trap(eo[z := v]y, X) if e = Az.eq, and v is fresh

app(Trap(eo, X), Trap(e1, X)) ife = app(eo,e1)

if y € Dom(o)

Trap(o, X) = Ay € Dom(o) U X. { g‘rap(o(y), X) ify € X — Dom(o)

Observe that if an expression e contains no holes, then the process of trapping leaves the
expression unchanged modulo a-congruence. The first fact we need to establish is that the
process of trapping is functional with respect a-congruence.

Proposition (% 2):
60%61 = Trap(eo,X)%Trap(el,X)

The proof is a simple induction on p(eg) = p(e1). The second fact establishes that
trapping interacts simply with weak substitution and A-abstraction.
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Proposition (Trap(.,.).1): Ifv ¢ X, then
(@) Trap(e, X)[v := yls = Trap(e[v := yls, X)
(b) Trap(\v.e, X)= . Trap(e, X)
Observe that (b) follows directly from (a). Since
Trap(Av.e, X) = Av'.Trap(e[v := V'], X) by assumption
=\ Trap(e, X)[v :=1v']y by (a) andrule(Z 6)
= Av.Trap(e, X) by proposition (.[.];.1)

The proof of (a) is a simple induction on p(e). The only delicate parts being the ¢ and A
cases. We are now in a position to define strong hole filling:

Definition (e[eo]s  o[eo]s):

Trap(eg, Dom(o))[o[ec]s]s ife = o7

eeo]e = e ifec AUX
0ls = Av.(e1]z := v]i[eo]s) ife = Az.eq, and v is fresh
app(e1 [eo]s, e2[ea]ls) if e = app(er, €2)

ofeo]s = Az € Dom(o).(c(2)[eo]s)

Before we delve in any further depth into this definition note that strong filling is defined
so that capturing, if it is to occur, must be done by the substitution decorating the hole,
rather than by the surrounding expression. Examples of this, as well as proof that weak
substitution does not commute with strong filling are provided in the following example.

Example (4):

() _‘(6[60]]5[0'[60]]5‘]“ % 6[0']H[[60]]S)
() (Az.o)[z]:=Ay.x

© (Aol =N[z]s = Az.x

Proof of Example (4):  Simply take
e=e eg = o={z:=3}

Then
efeols[ofeols]s = o[2]s[{z := 3}[z]s]s = z[z := 3]s =3
elo]aleo]s = o[{z :=3}]u[z]s = o[z]s = =

Oy
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There is (hopefully) only one aspect of the definition that requires explanation. Namely,
why is it that:

o7 [eo]s = Trap(eq, Dom(c))[o[eo]s]s

To anticipate matters slightly we should point out that strong substitution will be defined
in such a way as to ensure that

*?[eo]s = Trap(eo, Dom(c))[o[eo]s]s = eoo[eo]s]s-

In §2.5 we will investigate a weak notion of filling obtained by modifying this crucial
clause to the obviously weaker version:

o7 [eo]s = enlofeon]s)s-

In §2.6 we show that this notion of strong filling correspond to composition of classical
contexts.

Returning to the discussion at hand, consider the case when eq = ¢?°. To keep things
simple we shall assume that neither o nor oo contain any holes. The idea is that e rep-
resents the situation where the substitutions described by o have taken place at an initially
simple hole o. If we had started with ¢“° rather than the simple hole, we would be in a
situation best described informally by (e?°)?. By analysis we see that the result of the
informal process is e”* where

oo(y)[o]s ify € Dom(og

and it is a simple computation to show that this is a.-congruent to the right hand side of the
equation under consideration. When there are holes present in either o or o the process
is slightly more complex. The underlying idea, however, remains the same. For example,
consider the following instructive example.

Example (5): Let
oo = {z == ol5=0})
o1 = {w = o{v=u))
0y = {2 1= y,w = olz=vw=uly
o3 = {z = ¢”? v:=u}}
Then
70 [071], = olTi=072 wime"?}
The fully expanded equation is:
.{x;:.{z:=y}}[[.{w::.{“:u}}]]s

_ .{I::.{,::y,w;:.{z:y,u::u}}’w:.{E::,{z::y,w::.{z:y,u::u}})U::u}}
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Proof of Example (5):  Let us first work informally with the left hand side of this equa-
tion.

0{53:°{z::y}} [[.{w::o{”:”}}]]s
= (Q{w::.{m:u}}){JJI:(O{““:°{U:=”}}){zzzy}}
= (o{w:'{U:u}}){x::o{z==y,w:=o{‘::y)vi=“}}}

_ .{x:.{;::y,w::.{z:y,u:u}}7w:.{E::,{z:=y,w:=.{===y,u==u}})U::u}}

Now we work with the actual definition.
0{5”3:’{2::31}}[[.{w::o{”:“}}]]s

- 'I‘rap(.{w::o{“:”}}’ {z})[z = olz=u} [[.{w::o{“:”}}]]s]“

Ti=r,w=elT=Tvi=u} wo—elvi=u}
el Mo = Trap(e! =", 2})[z = ylls

— .{17321';71/1:0{2:::2:’“::”}} [ {z:=z,w:zelz=2vi=uly [

ri=oe 2= ylulw

_ o {zi=z,vi=u} oy pime F =Y V=)
:.{x._x,w._o }[ {z:=y,w:=e }]“

ri=e

_ Jmme s =iy e (iminme 00T gy

m|

Having convinced ourselves that the definition of strong filling is correct, we proceed to
establish some of its more basic properties. The first being its functionality with respect to
a-congruence. As usual the proof is a simple induction on p(eq) = p(e1).

Proposition (% 3):
(60%61 A 66%6/1) = eoﬂeg]]sgelﬂell]]s

Strong filling also interacts nicely with renaming and A-abstraction under suitable hygene
conditions. These properties are used in the proofs of theorems (1) and (2) of §2.4.

Lemma (.[.Js-1):
@ v ¢FV(eo) = e[v:=ylileols = eleo]slv == yls
() (w.e)feo]s = Mv.(e[ec]s)  ifv & FV(eo)
Proof of Lemma (.[.]s.1):  First observe that (b) follows directly from (a). Since
(Av.e)[eo]s = A (e[v := v']u[eo]s) by defi nition of .[.],
=M (efeo]s[v :=v']s) by (a) andrule (£ 6)

= Av.(efeo]s) by proposition (.[.]s.1)
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The argument for (a) is only interesting in the hole subcase of the induction step. Suppose
that e = ¢“. Then

e[ = ylilecls = o[y = lulleal. by assumption
= o7 lv=tl ey, by defi nition of .[.}
= Trap(eq, Dom(o[v := yla))[olv := ylu[eo]sls by defi nition of .[.];
= Trap(eo, Dom(c))[o[v := yla[eo]s]e  sinceDom(o[v := y]s) = Dom(o)
On the other hand
[ealelv = yly = o [ealslv =yl by assumption
= Trap(eq, Dom(c))[o[ec]s]s[v := yls by defi nition of .[.],

The conditions of proposition (.[.]«.2) are met since v € FV(Trap(eq, Dom(0))) iff v €
Dom(c) because by assumption v & FV (eg). By proposition (.[.]s.2)

Trap(eg, Dom(c))[o[ec]s]:[V := yl« = Trap(eo, Dom(o))[oea]s[v = ylulw

So we are reduced to showing that
olv = ylleols Zoleals[v := yl
and this again is a simple pointwise application of the induction hypothesis. O
2.4. Strong Substitution
We are now in a position to define strong substitution.

Definition (e[c]s  o1[oa]s):

o717l ife = o1
e ife € AU (X — Dom(o))
elo]s = 4 ofe) if e € Dom(o)

Av.(eg[z ;== v]y[o]s) ife = Az.eq, and v is fresh
applcolole, ealols)  ife = appleo, e1)

o1(z)[o]s ifz € Dom(oy),

o1[o]s = Az € Dom(oq) U Dom(o). { o(z) if 2 € Dom(c) — Dom(cr)

A comparison between this definition and that of weak substitution reveals that the soli-
tary difference between the two definitions lies in what takes place at holes. This manifests
itself in the following observation:

Observation (1):  If e does not contain any holes, then e[o]s = ¢[c]s.

It is important to note that Dom(o1 [¢]s) = Dom(o) U Dom(o1), in contrast with weak
substitution. This has the following consequence:
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=

Example (6): —(e[z := vgls[vo := v1]s = e[x := v1]s) for v; fresh.
Proof of Example (6):  Simply take e = . Then

e[z .= vols[vo := v1]s = o[z := vols[vo = v1]s

— .{x::uu}[yo — Vl]s — .{x::ul,ugzzul}
e[:p = Vl]s - 0[:L‘ — Vl]s — olo=r1}

and clearly =({z := vq, v := v1} = {z := 11 }) since they do not have the same domains.
0O

An equivalent definition of strong substitution can be given in terms of trapping and weak
substitution, as we mentioned in the previous section.

Lemma (.[.]s.1):
elo]s = Trap(e, Dom(o))[o]y

The proof is a simple induction on p(e), the case of a decorated hole is again the only
delicate point. To this end note that if e = e?°, then

Trap(e, Dom(a))[a]“ — .Trap(og,Dom(o))[o_]H — ¢Trap(oo,Dom(o))[o)
So it suffices to show that
oolo]s = Trap(cg, Dom(o))[o]y

This is relatively easy to establish pointwise. An immediate consequence of this is that
o7[eg]s = eo[ofec]s]s. It also follows that strong substitution is functional modulo «-
congruence.

Corollary (= .4):

“@

(60%61 A 0'0%0'1) = 60[0’0]5 61[0’1]5

Proof of Corollary ( = 4): Assume the hypothesis. Then
eoloo]s = Trap(eg, Dom(og))[o0]w by the previouslemma
= Trap(eq, Dom(og))[o1 ]« by proposition (= .1) of §2.2 since oo = o4
= Trap(eq, Dom(o1))[o1]w since oo = oy implies Dom (o) = Dom(a1)
= Trap(e1, Dom(a1))[o1]s

a

by propositions (= .1) and (% .2) of §2.2 sinceeg Ze

e1]o1]s again by the previous lemma
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O

Example (7):  Suppose that o contains no holes. Then

070 [.01]]5 % o7 1lo0ls

Proof of Example (7):

72 [e7]s = Trap(e?*, Dom(oy))[co[®”*]s]u by defi nition

= Trap(e”", Dom(og))[o0]« since oy contains no holes
= o7 [og)s by lemma(.[.]s.1)
= o717l py defi nition

O

Lemma (.[.]s.2):
@ (wé(F UDom(c)) A v1 € Dom(o)) = elvg := v1]u[o]s
(b)  (Av.e)fols

As usual (b) follows directly from (a). To prove (a) observe that

)
Av.(e[o]s) if v ¢ (FV(s) UDom(s))

V(e

e[vo := v1]u[o]s = Trap(e[vg := v1]s, Dom(o))[c]a by lemma(.[.]s.1)
= Trap(e, Dom(c))[vo := v1]s[0]s by (Trap(.,.).1), asve & Dom(o)
= Trap(e, Dom(o))[o]a[vo := 11]a by proposition (.[.]s.1)

= efo]s[vo = 11]a by lemma(.[.]s.1)

In contrast to weak substitution, strong substitution satisfies a composition principle.

Proposition (.[.]s.3):

o

6[00]5[01]5 E[UO[JI]S]S

Proposition (.[.]s.4):
Trap(e, X) 2 e[Ax € X 2],

We may collect all the main results of the previous sections into a single theorem:
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Theorem (1):

o

(1) (60%61 A 0'0%0'1) = 60[0’0]“ 61[0’1]w
(2) eq %61 = Trap(eg, X) %’I‘rap(el,X)
(3) (60%61 A 66%6’1) = 60[[66]]5%61[[611]]5

o

(4) (60%61 A 0'0%0’1) = 60[0-0]5 61[0'1]5

The main result of this section is that, unlike weak substitution, strong substitution com-
mutes with strong filling.

Theorem (2):

elo]s [[“3/]]5 = e[e’]]s [0'[[6/]]5]5

Corollary (2):

Trap(e[eo]s, Dom(c))[o[eo]s]s = Trap (e, Dom(c))[o]u[eo]s

2.5. Strong & Weak Filling

The notion of hole filling forms a dichotomy, precisely in the same way as substitution,
according to what takes place at holes. By lemma (.[.]s.1) of §2.4 we may define the the
notion of hole filling studied in §2.3 using strong substitution, thus:

Definition (e[eo]s  o[eo]s):

eo[ofen]s]s ife = o7
eleo]s = e ifec AUX
0ls = Av.(e1[z ;== v]g[eo]s) ife = Az.eq, and v is fresh

app(e1 [eo]s, e2[e]s) ife =app(er,es)
ofeo]s = Az € Dom(o).(c(x)[eo]s)

The weak version, called weak hole filling and denoted by [.] ., differs only in what takes
place at holes:

Definition (e[eo]s  o[eo]s):

eo[ofen]ulw ife = o7
eleo]s = e ifec AUX
0= — Av.(e1[z ;== v]g[eo]ls) ife = Az.eq, and v is fresh

app(e1 [eo]s, e2[eo]s) ife = app(er,ez)
ofec]s = Az € Dom(o).(c(x)[eo]s)



20 IAN A. MASON

By theorem (1) of §2.4 and the above definitions we know that these operations are
functional modulo a-congruence. We should also point out that as a consequence of ob-
servation (1) of §2.4 we also have the following fact:

Observation (2):  If neither ey nor ey contain holes, then e [eg]s = e1[eo]s-

This can be strengthened a little to only requiring that e, does not contain any holes, and
there are no holes occuring in the range of any substitution that decorates a hole occuring
in e;. In what follows let a, b € {w, s}. The first obvious question to ask is for which
and b do we have that:

ab-Commutation

elolale'ls = ele'Tsloe'Te]a

Theorem (3):  ab-Commutationis true iffa = b = s.

Proof of Theorem (3):  We need only show that ww and swcommutation are false,
since ss-commutation is a restatement of theorem (2) of §2.4, while the falsity of ws-
commutation is a restatement of example (4(a)) of §2.3. In both cases let e = “° and as-
sume that neither g nor o contain any holes. Then in the case of ww-commutation the I.h.s
e[o]u[e']s = €'[o0[o)s]s While the Lh.s e[e’Ju[o[€Tu]s = €’ [c0]s[o]s. These are different by
example (1) of §2.2. In the case of sw-commutation the |.h.s e[o]s[¢']s = €' [c0[0]< ]« While
the rh.s e[e’]u[o[e'Tals = €' [co]s[o]s. The inequality of these two expressions is made ob-
vious by choosing ¢/ = e and o to be the empty substitution. The r.h.s becomes ¢ while
the L.h.s remains as e O

2.6. Representing Contexts

We make some simple comparisons with our approach and other approaches. In particular
we show how to represent traditional contexts, as well as those of Sands.

2.6.1. Representing Classical Contexts We make some simple observations about clas-
sical contexts and their representation within this framework. Traditionally contexts in the
A calculus are generated from atoms, variables, and the hole [] via the usual operations of
abstraction and application. Thus we may define the set of traditional contexts, C, by the
equation:

C=[JUAUXUAIX.CUapp(C,C)

In this setting hole filling is simply textual replacement. Our notion of context is richer than
the traditional notion, but it is not difficult to define a translation of traditional contexts into
our generalized contexts. To this end we define the translation = from C into [E as follows:
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Definition (7 : C - E  [Eg):

. if Cis[]

C ifCe AUX

Az Trap(r(Cqo),{z}) ifCisiz.Cq
app(7(Cq), 7(C1)) if Cis app(Co, C1)

We let i denote the range of = as a subset of IE. We make a couple of simple observations
concerning 7. Firstly, it is well defined. Secondly, on expressions that contain no holes
(i.e. terms of the classical calculus) the translation is, up to a-congruence, the identity. Of
more interest are the following two facts.

7(C) =

Proposition (r.1):  If C € C is a traditional context and e € E contains no holes, then

7(Cle]) 2 7(C)[7(e)]s = 7(C)[e]s = 7(C)[e] = 7(C)[7(e)]s

Proposition (7.2): If Cy, Cy € C are traditional contexts, then

7(Co[C1]) = 7(Co)[(C1)]s
Finally, consider the following example:
Example (8):
Co=Az.[] thus 7(Co) = Az.el®=}
Ci=My.[] thus 7(Cy) = Ay.elv=v}
Co[Ch] = Az Ay [] thus 7(Co[Ch]) = Az Ay.elm=2vi=y}

o

7(Co)[7(C1)]« = Az Ay. o1V =Y} whichisnot = to  7(Co[C4])

2.6.2. Representing Sands’ Contexts Sands’ approach to contexts is couched in a type-
theory-style abstract syntax for terms. We will not present that approach here, rather we
will present a simple instance of his approach that corresponds to our particular choice of
syntax. He also considers a countably infinite number of holes. We will be content to treat
one, since their multitude presents no obstacles. So assume that¢ is a hole variable of fixed
arity V. Relative to this hole we can define the class of second order representations of
contexts as:

G =¢ ((Cg) S (‘Cg) UAUXUIX.G U app(Cg , ‘Cg)
——
N (C&S

In this approach filling is restricted to terms of the form Az, .. .a:N.C’E. We use the
notation C¢[¢ := Awz1,...2n.C;] to denote such an operation. It is defined exactly as
(capture avoiding) substitution, except for the crucial case:

(€(CY) ... (COIE = Ay, ...2n.Cl]
= Ci[{z: = (C%[{ = Az, ...zn.Ct) | 1<i<n}]
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Itis important to note that the meta-applicationf(C%) o (C?’), is not treated in the same
way as other applications within the language. In particular this definition is somewhat
freewheeling with respect to the order of evaluation of the Cg.

As in the previous example, we define a translation ~ from ( into E. To do this we first
fix a collection of distinct variables {5 | i € N} with which to define the translation.

Definition (7 : C¢ — [):

.{z,;:r(C2)|1$i$N} ?fC iS{'(C%) (Cév)
C ifC:e AUX
)\l‘.T(Cg) if C¢ is /\I‘.Cg
app(7(C¢), 7(Cg))  if C¢ isapp(Cg, Cy)

T(Ce) =

As before 7, so defined, it is functional up to «-congruence, and on expressions that
contain no holes (i.e. terms of the classical calculus) the translation is, up to a-congruence,
the identity. The correspondence is then established via the following fact.

Proposition (7.3):  If C,C} €
T(C2¢ == Az, ..., 2n.CL) Z7(CH(CH]s

3. Notions of Reduction
3.1. Classical 3-Reduction

The first problem that must be faced is: In this more general setting is 3-reduction defined
via strong or weak substitution? This turns out to be quite easy to answer, although the
answer may be surprising. Suppose that 3 is defined via strong substitution:

(8.s) app(Az.eq,eq) .i) eolz = e1]s
Then by theorem (2) of §2.4 one would expect £ reduction to commute with filling:
app(Az.c,er)leols 5 app((Az.c)[eols, e1feals)
iﬁ.s ~L,6.s
(ele = erl)leols 5 (eleoll)l = eaffeolsls

So itis somewhat surprising that this is not the case. However before we provide a coun-
terexample we point out an even worse feature: it is not functional modulo a—conversion:
Suppose for sake of argument that S-reduction (so defined) does preserve equivalence.
Observe by proposition (.[.]4.1.d) of §2.2 that for v fresh

Az.eq = Av.eglz == vy



COMPUTING WITH CONTEXTS 23

consequently /3 reducing the application of either to e, yields

e

eo[m = el]s 60[;‘13 = I/]H[V = 61]5

by considering the case when eq is the undecorated hole e we are forced into the unpleasant
situation of concluding that

olzi=e1} % olvi=e1} )
On the other hand, suppose that 3 is defined via weak substitution:

(Bw) app(Az.e, er) N elz = ey

Then by virtue of proposition (% .1) of §2.2 it is functional modulo a—conversion, but it is
not at all not obvious that this form £ reduction commutes with filling. Indeed, the fact that
weak substitution does not commute with filling suggests that the contrary is true. Happily
this is an illusion:

Theorem (4):

apprae,en)eols 25 app((Aa-e)[eols, e1 [eols)
~L,C‘7.W »L,C‘?.W

(el = eda)leods 5 (eleols)lz = e1[eolils

This theorem is established by proving the following weak form of commutation between
weak substitution and filling:

Lemma (3): If v is fresh, then

(e[ = exl) el 2 (clz = vIa)eolsv := ealell s

Proof of Lemma (3):  The proof is a simple induction on p(e). The only case of any
interest is the hole subcase of the induction step.

(Induction Step subcase 2. ¢ = )  In this case we have by computation
ez := elaleo]s = (¢7)[z := ex]u[eo]s
= (o7l =1k) [e],
= Trap(eo, Dom(o[z := e1]s))[o[z := e1]u[e0]s]s
= Trap(eo, Dom(c))[o[z := e1]ua[e0]s]s
Similarly:
e[z = vls[eo]s[v == exeo]sla = (o7)[z := via[eols[v := exeo]s]s
/=) [eol[v := e1[eo]ss
Trap (e, Dom(ofz := v]a))[ofz = v]s[eo]s]s) [v := er]eo]s]a
Trap (e, Dom(o))[ofz := v]a[eo]s]s)[v := e1]eo]ls]a
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So letting e/ = Trap(eq, Dom(o)) it suffices to show that

o

e'[ofz = er]alea]sls = €'[ox = v]u[eo]slaly := e1]ea]s]w

Notice that by definition v ¢ FV(¢). Thus by lemma (.[.]5.2) we have

o

e'[ofz = v]y[eo]slalv := e1]ec]sls = €'[o]z == v]u[eo]s[v = e1]eo]s]slw

Consequently we need only show that
olz == e1]uleo]s = o[z .= v]u[eo]s[v := e1]eo]slw
So choose z € Dom(c) arbitrarily. Then

o[z = e1]qen]s(2) = o(2)[z = e1]s[eo]s

[ll2

o(z)[z = v]i[eo]s[v := e1eo]s]w by the induction hypothesis

o(z)[z = v]s[eo]s[v := e1en]s)w

m|
Just as we were in §2.5, we can be somewhat more systematic about the crucial property
needed for filling to commute with 3 reduction.

(G-ab-Commutation If v is fresh, then

(e[ = exlo)eals = (el := v1a) [eolslv := exleallla

To see the significance of 3-ab-commutation, assume that we have defined G-reduction
as follows:

(Ba) app(Az.co,e1) s ez = e1a

Then there are two obvious methods for computing app(Az.e, e1)[eo]s. We can either do
the B-reduction first:

app(Az.c, e1)[eols = (eolz = e1]a)[eo]l
or else do the filling first and then the -reduction:
app(Az.e, e1)[en] = app((Az.€)[ea]ls, e1[en]e)
= app((Av.c[z := v]u)[eols, e1[eols)  forw fresh

pp(Av.(e[z := v]a[enls), e1[eols) by lemma (.[.]s.1.b) of §2.3

©

s ele = vlulealblv = 1 [eo]sa

that these two methods give the same result is precisely the import of 3-ab-commutation.
With this in mind the following theorem is of interest.

Theorem (5):  B-ab-commutation is true iff a = w.

Proof of Theorem (5):
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G-ww-commutation: By lemma (4) below.
B-sw-commutation: Take e — e, ¢; = o, and e; = y. Then the L.h.s reduces thus:
(elz := er]a)[eolls = (o[ = vo)[2]e = (¢ =) [a]u = v,
while the r.h.s reduces as follows:
(elz = 1) [ealslv = e1 [eallela = (o[x = 1) [2]ulv := y=]e
= (o)[z]slv :=y]s = z.
Clearly = can be chosen distinct from y.
(-ss-commutation: Take e — e, ¢y = z, and e; = y. Then the L.h.s reduces thus:
(elz := er]a)[eols = (ofz = ylo)[o]e = o=V o] = (o[ := ys) = o= =¥1.
On the other hand the r.h.s. reduces as follows:
(elz := vl [ealslv := €1 [ealela = (o]z := Vo) [o]slv := ylells
— e =]y = ], = olT=yw=y)
B-ws-commutation: By lemma (3) above.

O

Lemma (4): If v is fresh, then

(e[ = exl)leols 2 (clz = vIa)eolslv := ealeolils

Proof of Lemma (4):  The proof is a simple induction on p(e), and as usual only the
case of the holes warrants inclusion.

(Induction Step subcase 2. ¢ = ¢?°) By computation:
(e[z := e1]w)[eo]ls
= (¢7°[z := e1]u)[en]ls
— .00[17::81],,[60]]“

= [eq := oglz := e1]u[e0]ulw

(e[z == v])[eo]ls[v := e1eo]]s
= (o7°[2 := v])[eo]slv = e1[eo]sls
= o7l = [eo]u v = e1[eo]uls
= egloolz = V]uea]sle[v = e1[ec]sls

= 60[00 [.Z‘ = V]H[[eo]]w[’/ =€ [[60]]\3]“]“ by proposition ([.]+.2) of §2.2
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0O
As a result of these observations we make the following definition.

Definition (+2 ):

(8) app(Az.eg,e1) bLeo[m =e1la

We define unrestricted multiple step reduction — be the smallest reflexive transitive
relation generated by:

(Br) e[app(Az.eo,e1)]s éeﬂeo[m = e1]u]s

Many (but not all, e.g. the A-1 calculus) variations of the A-calculus can be obtained by
restricting, in various ways, the S« reductions and perhaps adding new forms of reductions.
We give several examples to illustrate this idea. In what follows we will use the operation
.[.] to denote either the strong or weak version of hole filling, since by the previous results
either has the properties we require.

3.2. Call-by-Value X-calculus

To describe the call-by-value A-calculus we must first define the set of value expressions,
V, or more simply the set of values: V = A U X UIL. The call-by-value 3-reduction is
defined by:

(By) app(Az.eg,e1) ri) eolz == e1]q providede; € V

We define unrestricted multiple step reduction — be the smallest reflexive transitive
relation generated by:

(Buk)  e[app(Az.eq, e1)]— e[eo]r := e1]4] providede; € V

3.3.  Left-first call-by-Value A-calculus

To describe the left first call-by-value A-calculus (ISWIM) we first define reduction con-
texts (a.k.a evaluation contexts) and use them to restrict the order of evaluation. Reduction
contexts identify the subexpression of an expression that is to be evaluated next, they cor-
respond to the standard reduction strategy (left-first, call-by-value) of [22] and were first
introduced in [8]. The set of reduction contexts, IR, is the subset of IE defined by

R = {e} + app(R,F) + app(V,R)

We define left-first multiple step reduction to be the smallest reflexive transitive relation
generated by:

(Bys.If)  e[app(Az.eq,e1)] N efeo[z := e1]4] providede; € Vande € R
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3.4. X..-calculus

Following [10] we present the A..-calculus as the left-first call-by-value A-calculus en-
riched with two control primitives A and ¢ in A. The reduction relation is the least transi-
tive, reflexive relation generated by (53, «.If) extended by the two delta rules §.4 and §.C

(BurMf)  e[app(Az.co,e1)] — efeolz = e1]s] providede; € Vande € R
(0.8) e[app(A, eg)] s eq providede € R

(6.c) e[app(C, eo)] LN app(eo, Az.app(4, e[z])) provided e € R and z isfresh

3.5. Ay-calculus

Following [12] we define the )y-calculus as left-first call-by-value A-calculus enriched with
the three memory primitives M, G and S € A (called make, get and set) together an pairing
operation D. The pairing operation separates the part of the expression that represents the
memory, from the part that represents the current computation (see §2.2.1 of [12] for de-
tails). Inwhat follows we will describe the actual terms as well as give more readable varia-
tions using the traditional 1et abbreviation for A-application, function application F'(X) to
represent app(F, X) (similarly F(X1, X5) for binary application app(app(F, X1), X2)),
I for the identity Ay.y, infix ; for the sequencing construct, and following [27] & : e; to
abbreviate app(app(D, o), €1). The set of memory contexts, IV, is defined inductively as
the smallest subset of |E containing e and closed under the following formation rules:

If e € M, and z € X is fresh, then
app(Az.(e[o (" =I]), app(M, Ay.y)) € M
ie let{z := M(T)}(e[o!™="1]) € M
Ifee M veV,andz € TV(e), then

e[app()z.e, app(app(S, z),v))] € M
ie e[S(z,v);e] e M

Note that no hygene conditions are needed concerning z. If e € M, then either e is a
let-context (i.e. contains no occurrences of S) or upto a-congruence there exists unique
eg,e1 € IEand o € Ssuch that e; € M has a unique hole ¢7, o is a bijection and its range
is in XX, e = e [eo ; o] and e =S(x, v) with z € Dom(c). Using this decomposition we
can define a simple rewrite system that looks up the value of z in a memory context.

Definition (<):  Assume that e € M decomposes into e; [s(z,v);e]. Then we define

z v |f r=2z
ci[s(z,v) ;0] = { e1 otherwise
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Similarly we write &5 for the transitive closure of this relation. It is straight forward to

check that if ¢ < v, then v is unique upto a--congruence. We are now in a position to define
the reduction rules for the Ay-calculus.

(Mg, k.If)  app(app(D, e2), c[app(Az co, ¢1)]) = app(app(D, e2), e[eolx = e1)s])
providede; € M, e; € Vande € R

i.e. ez :efapp(Az.€0,€1)] PP efeo[z := e1]s]

(M.6M)  app(app(D, c2), c[app(H, e1)]) —

app(app(D, app(Az.(e2[app(Az.¢ "=} app(app(s, ), €1))]),
app(M, Ay.y))), e[x])
providede; € M, e; € V,e € Randz € X isfresh

i.e es:e[app(M, e1)] — let{z := M(I)}(ea[S(z,e1); 0 1%=71]) s e[]
(MJ.G)  app(app(D, e2), e[app(G. e1)]) ~ app(app(D, e2), e[es])

providedez € M, e; € XN TV(ez), e € Randes 5 es € V.

ie ex:efGlen)]— e2:efes]
(M.6.S)  app(app(D, e2), e[2pp()z.e, app(app(S. ), e1))]) —

app(app(D, e2[app(app(S, ), e1)]), e[Ay-y])
providede; € M, e; € V,e e Randz € TV(e2)

i.e ez:e[S(z,e1)] s en [S(z,e1);e]:e[I]
Observe that
(1et{z = M(T)}(e[o "= ]))[S(x,v) ;0] = 1et{x := M(T)}(e[S(x, v) ; o 1*=71])

and so in the ¢ rule (IVLJ.M) the resulting memory component is indeed an element of VL

Thus the reduction system so defined, contains only one complex side condition. Other
than the § rule (IMLJ.G) all reductions rely on simple structural conditions. The side condi-
tions on (IVL4.G) are expressed via a simple reduction system.

4. Conclusions & Future Work

In this paper we have presented a named variable version of Talcott’s binding structure
theory [25, 26] and established several important results concerning it. In the general
framework presented here notions of substitution and hole filling have two obvious ver-
sions: weak and strong. We demonstrated that it is the weak form of substitution that
corresponds most appropriately to g-reduction. However when it came to hole filling the
weak and strong versions seemed equally suited to their job. Using this theory we have
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also shown that computing with contexts, via the various forms of reduction presented in
§3, is not problematic.

We have also presented reduction systems for the lambda calculus enriched with control
and imperative features that should be easily encoded into modern logical frameworks.
Thus enabling the syntax and semantics of logics such as VTLoE to be encoded [12].
This would allow for both proof theoretical and semantic reasoning to be carried out at
the same time in the same framework. It will also allow the system to semantically verify
the soundness of its own proof system. It would also allow for the dynamic enrichment
(via a sort of meta-rule) of the proof theory by introducing new, semantically verified,
principles. Thus the logic implemented would be truly dynamic. The actual choice of
logical framework & the subsequent encoding is the subject of future work.

The underlying aim behind this work is enable a clean elegant encoding of various op-
erational semantics and programming logics into the current generation of logical frame-
works. In our previous work [9] we have described an encoding of the syntax and proof
theory of a modern programming logic [16] into a generic theorem prover. Encoding the
syntax and proof theory of the logic was a relatively painless procedure. Especially when
compared with the contortions required for logics of the Hoare and Dynamic ilk [15, 4].
Since the semantics of the underlying programming language (Ay-calculus) is operational,
and the semantics of the logic is defined strictly in terms of syntactic entities, it seems not
unreasonable to expect an implementation to be capable of encoding the semantics as well
as the syntax and proof theory. This would allow for both proof theoretical and semantic
reasoning to be carried out at the same time in the same context [28]. It will also allow the
system to semantically verify its own proof system, an attractive idea. It would also allow
for the dynamic enrichment of the proof theory by introducing new, semantically verified,
principles. Thus the logic implemented would be truly extensible or dynamic. The only
obstacle to successfully encoding the semantics is the problem of encoding lambda calcu-
lus style contexts and hole filling (i.e the corresponding notion of substitution with variable
binding capture).

It is of obvious interest to compare our work with the other approaches mentioned in
§1. Time (& space) considerations prevent us from doing this in the present version of this
paper.
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